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Local momentum transfer between light and atom
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This work proposed a quantum state projection model to analyses the momentum transfer when
an atom absorb one photon. We claimed that the atom wavefunction will effect the wavefunction
of the absorbed photon that will effect the transfered momentum. We applied our theory to study
the systematic effect in the metrology experiment for the fine structure constant based on atom
interferometry.
I. INTRODUCTION
The wavefunction, also known as complex-valued proba-
bility amplitude, is central to quantum theory. In a statistic
point of view, the square of wavefunction Ψ(r, t)2 can be
understood as the position space probability distribution of
one particle[1]. For photons, the probability distrubution
is proportional to light intensity. In momentum space the
wavefunction Φ(px, t) is the Fourier transform of Ψ(x, t).
Wavefunction obeys the superposition principle. Accord-
ing to Fourier optics theory[2], a wave can be decomposed
into a set of plane wave superpositions and each component
has definite linear momentum.
Because momentum and position are complementary prop-
erties, projecting a quantum state to one of its position space
eigen states |x0〉 forces a subsequent measurement of Px to
be random.
In this paper, based on Fourier optics and projection mea-
surement we study the local photon momentum in an arbi-
trary wavefront of a monochromatic optical field. We analy-
sis the local momentum transfered when an atom absorbs a
photon. Because the atom position state will select the pho-
ton states that being absorbed, the transfered momentum
will also be effected by atom wavefunction.
II. PHOTON LINEAR MOMENTUM AND
OPTICAL PHASE GRADIENT
Momentum is a physical quantity that describes the mo-
tion of a particle. In a monochromatic light field, each pho-
ton has energy E = hν. According to Einstein’s formula
E = mc2, and the formula for photon momentum in vacuum
p = mc, we got the expression
p =
hν
c
= h¯k (1)
To remind that in a monochromatic optical field, the value
of photon momentum h¯k is independent on its spacial mode,
we start from the solution of the wave equation
(∇2 − 1
c2
∂2
∂t2
)Ψ(~r, t) = 0 (2)
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Assuming that the wavefunction Ψ(~r, t) is separable and ap-
plying the technique of separation of variables, we have
Ψ(~r, t) = ψ(~r)u(t) (3)
Substituting this form into the wave equation, we get
∇2ψ(~r)
ψ(~r)
=
1
c2u(t)
d2u(t)
dt2
(4)
Introducing the wavenumber k leads to
∇2ψ(~r)
ψ(~r)
= −k2 (5)
and
1
c2u(t)
d2u(t)
dt2
= −k2 (6)
Then we obtained the Helmholtz equation
∇2ψ(~r) + k2ψ(~r) = 0 (7)
that describes the wave propagation in homogeneous space.
And after making the substitution ω = kc the second equa-
tion becomes
(
d2
dt2
+ ω2)u(t) = 0 (8)
Here ω is the angular frequency.
The photon frequency spectrum is the Fourier transform of
u(t). Because ψ(~r) and u(t) are independent, in a monochro-
matic optical field, the photon momentum value is indepen-
dent of its spacial mode and each photon carries momentum
h¯ω/c.
As linear momentum is defined in rectangular coordinates,
we solve the Helmholtz equation in rectangular coordinates
∇2ψ(x, y, z) + k2ψ(x, y, z) = 0 (9)
Applying the technique of separation of variables again, we
have
ψ(x, y, z) = fx(x)× fy(y)× fz(z) (10)
f
′′
x (x)
fx(x)
+
f
′′
y (y)
fy(y)
+
fz
′′(z)
fz(z)
+ k2 = 0 (11)
2Here we define kx, ky and kz as the wavenumbers along dif-
ferent directions
k2x + k
2
y + k
2
z = k
2 (12)
and we get the separation conditions
d2
dx2
fx(x) + k
2
xfx(x) = 0
d2
dy2
fy(y) + k
2
yfy(y) = 0
d2
dz2
fz(z) + k
2
zfz(z) = 0
(13)
As a result, the elementary product solution of ψ(x, y, z) is:
ψ(x, y, z) = ei(kxx+kyy+kzz)
= ei(kxx+kyy)e±iz
√
k2−k2x−k
2
y
(14)
The solutions represent propagating plane waves or expo-
nentially decaying evanescent waves. The wave vector is ~k
= kx~ekx + ky~eky + kz~ekz , which has an equivalence with the
phase gradient.
The wave vector ~k equals to optical phase gradient only
valid in plane wave mode. For the non-plane wave, we should
decompose the light into plane wave bases then derive each
~ki respectively with phase gradient, i is the index for one
plane wave mode. According to the theory of Fourier op-
tics, a general solution to the homogeneous electromagnetic
wave equation in rectangular coordinates can be formed as a
weighted superposition of all possible elementary plane wave
solutions.
III. REVIEW OF FOURIER OPTICS
For an monochromatic light field, its wavefunction has only
two freedom degrees because k2x + k
2
y + k
2
z = k
2. In position
space if we know the wavefunction ψz0(x, y) in any transverse
plane z = z0, we know all the information. Because in k
space if we define the angular spectrum on z = z0 plane as
Φz0(kx, ky), we have
ψz0(x, y) =
1
(2π)2
∫ ∫ ∞
−∞
Φz0(kx, ky)e
i(kxx+kyy)dkxdky
(15)
and
Φz0(kx, ky) =
∫ ∫ ∞
−∞
ψz0(x, y)e
−i(kxx+kyy)dxdy (16)
Thus:
Φz0(kx, ky) = F {ψz0(x, y)} (17)
and
ψz0(x, y) = F−1 {Φz0(kx, ky)} (18)
For z 6= z0 plane,
Φz(kx, ky) = Φz0(kx, ky)e
±i(z−z0)
√
k2−k2x−k
2
y (19)
The sign + or − above equation is dependent on the wave
propagation direction. Then on the same plane
ψz(x, y) = F−1 {Φz(kx, ky)} (20)
Thus we know ψz(x, y) and Φz(kx, ky) in the full space.
As an example, a Gaussian wave is the solution of parax-
ial Helmholtz equation and can also be decomposed into a
superposition of plane waves. Considering a monochromatic
fundamental transverse Gaussian beam whose longitudinal
direction is along +z. On z = 0 plane, its intensity distribu-
tion is
I0(x, y) = Ae
−(x2+y2)
2σ2 (21)
σ is the standard deviation of the photon probability dis-
tribution in position space. We describe the photon wave-
function as ψ0(x, y) on this plane and after normalization of
integration we have
ψ0(x, y) =
1√
2πσ
e
−(x2+y2)
4σ2 (22)
ψ0(x, y)
2 =
1
2πσ2
e
−(x2+y2)
2σ2 (23)
According to equation (17), we get the spatial spectrum
as:
Φ0(kx, ky) =
√
2σ√
π
e−σ
2(k2x+k
2
y) (24)
Φ0(kx, ky)
2 =
2σ2
π
e−2σ
2(k2x+k
2
y) (25)
If defining σk as the standard deviation of the photon prob-
ability distribution in k space,
σk =
1
2σ
(26)
As p = h¯k, we have
σposition × σmomentum = σ × h¯σk = h¯
2
(27)
That’s in accordance with the Heisenberg’s uncertainty prin-
ciple of Quantum Mechanics.
IV. LOCAL MOMENTUM AND DIFFRACTION
The uncertainty principle raised from Fourier transform.
It’s impossible to decrease the uncertainty of two physical
quantities in different Fourier spaces at the same time, like
position and momentum. According to Fourier optics for
a monochromatic electromagnetic (EM) wave, if we know
the wavefunction on any transverse plane ψz(x, y) we can
get its angular spectrum Φz(kx, ky) and its square describes
the photon momentum probability distribution. Here the
momentum is also nonlocal. When we reduce the uncertainty
of position to describe a local photon momentum, we need to
add a confinement condition to the wavefunction in position
3space, and that will effect its angular spectrum and lead to
diffraction.
Considering a monochromatic plane wave along +z direc-
tion ψz(x, y) = e
ikz and Φz(kx, ky) = δ(kx, ky), each pho-
ton carries momentum h¯k along +z direction while its po-
sition is not known. When we try to confine the photon to
a given position (x0, y0, z0), on the transverse plane z = z0
the local confinement is Tz0(x, y) = δ(x − x0, y − y0), thus
the effective local wavefunction becomes ψz0(x, y)Tz0(x, y) =
eikz0δ(x− x0, y − y0). Its spacial spectrum becomes
Φz0(kx, ky) = F {ψz0(x, y)Tz0(x, y)}
= eikz0e−i(kxx0+kyy0)
(28)
and
Φz0(kx, ky)
2 = 1 (29)
At this position, the local effective wavenumber becomes
kx,eff =
∫ √k2−k2x
−
√
k2−k2x
∫ k
−k
kxΦz0(kx, ky)
2dkxdky
= 0
(30)
ky,eff =
∫ √k2−k2x
−
√
k2−k2x
∫ k
−k
kyΦz0(kx, ky)
2dkxdky
= 0
(31)
kz,eff
=
∫ √k2−k2x
−
√
k2−k2x
∫ k
−k
√
k2 − k2x − k2yΦ0(kx, ky)2dkxdky
=
2
3
k
(32)
~keff = kx,eff~ekx + ky,eff~eky + kz,eff~ekz (33)
and
keff =
√
k2x,eff + k
2
y,eff + k
2
z,eff (34)
It’s impossible to describe local photon momentum with op-
tical phase gradient because it’s impossible to describe the
photon momentum and position at same time. In the plane
wave what we know is “the photon momentum is h¯k~ekz when
we don’t know its position”. Because linear momentum is de-
fined in plane wave bases, when describing the photon mo-
mentum at a given local region in an arbitrary wavefront, we
should decompose the effective local wavefunction into a su-
perposition of plane waves and each plane wave has definite
momentum. The angular spectrum describes the probability
amplitude of each plane wave component.
Besides delta function, the local region can be represented
by any function that confines the photon position. Fig.1(a)
shows the case of a single slit diffraction. In 2D the local
function is Tz0(x, y) = rect(
x
d
)rect(y
l
). Here d and l are
the width and length of the slit. In the confined region the
angular spectrum becomes
Φz0(kx, ky) = F {ψz0(x, y)Tz0(x, y)}
= dleikz0sinc(
dkx
2π
)sinc(
lky
2π
)
(35)
The transmit photons exhibit diffraction pattern in far field
(Fraunhofer region).
V. QUANTUM SLIT INTERFERENCE
The Fourier optics theory could be illustrated in a quan-
tum way. Considering the photon state on z = z0 plane
as
|photon〉z0 =
∫ ∫
ψz0(x, y)|x, y〉dxdy (36)
For an aperture with transmission rate Tz0(x, y) , photons
that have passed the aperture their position state are selected
and projected on state |x, y〉z0 with probability Tz0(x, y).
The aperture functions as a classical superposition of pro-
jection operators |x, y〉〈x, y| with coefficient Tz0(x, y). The
total projection operator is
Pˆ =
∫ ∫
Tz0(x, y)|x, y〉〈x, y|dxdy (37)
After projection the photon state becomes
|photon′〉z0 =
Pˆ |photon〉z0
norm
=
∫ ∫
Tz0(x, y)ψz0(x, y)
norm
|x, y〉dxdy
=
∫ ∫
ψ′z0(x, y)|x, y〉dxdy
(38)
ψ′z0(x, y) =
Tz0(x, y)ψz0(x, y)
norm
(39)
and
norm =
√∫ ∫
Tz0(x, y)
2ψ2z0(x, y)dxdy (40)
.
For an ideal double slits interference, the slits select the
passing photon on states | − d, y〉 and |d, y〉 with equal prob-
abilities. The transmission rate is 12δ(x− d) + 12δ(x+ d) and
the projection operator is
Pˆ =
∫
(
1
2
| − d, y〉〈d, y|+ 1
2
|d, y〉〈d, y|)dy (41)
A plane wave ψz(x, y) = e
ikz passes through and the pho-
ton wave function becomes
ψ′z0(x, y) =
1√
2
δ(x− d) + 1√
2
δ(x+ d) (42)
and
Φz0(kx) = cos(dkx) (43)
In far field interference pattern appears along x direction.
Here the two slits are in classical superposition and its
density operator is
|slits〉〈slits| = 1
2
| − d〉〈−d|+ 1
2
|d〉〈d| (44)
What if one make the slit state in a quantum superposi-
tion?
|slit〉 = 1√
2
| − d〉+ 1√
2
|d〉 (45)
4Incident plane wave Intensity distribution Transfered momentum spectrum
(a) (c)
Slit
(b)
Atomic matter waveIncident plane wave Incident plane wave
Atomic cloud
FIG. 1: Local photon momentum. (a) Diffraction pattern led by a single slit shows the confinement of the photon position will
effect its angular spectrum. (b) Momentum transfer from a plane wave photon to a plane wave atom. As the atom position is nonlocal,
the transfered photon momentum will not be effected. (c) Angular spectrum of the transfered momentum from a plane wave photon
to a 3D Gaussian atom cloud. The atom cloud localization will confine the position of the absorbed photon. The effective angular
spectrum for the transfered momentum is also Gaussian.
The quantum slit still select photon position state while the
projection operator here could not be written as the classical
superposition. We use the slit state to select photons
Pˆ = |slit〉〈slit| (46)
|photon′〉z0 =
|slit〉〈slit|photon〉
〈slit|photon〉
= |slit〉
(47)
After projection the photon state collapses to the slit state
and photon wavefunction becomes the same as the slit wave-
function. We will still see interference pattern but the fringe
no longer be related to the incident light.
VI. LOCAL RECOIL VELOCITY OF AN ATOM
In atom physics, an atom of mass m will get a recoil ve-
locity vr after absorbing one photon. This process is applied
to the laser cooling and trapping technique. Measuring the
recoil velocity to a very high accuracy is one of the state of
art methods to determine the fine structure constant[3, 4].
It’s also a tool to probe the local photon momentum in a
monochromatic light field.
The atom state is also a quantum superposition of position
eigen states described by its wavefunction ψa(x, y, z). While
absorbing one photon, the atom’s position state also select
the position state of photon like the quantum slit described
above. Suppose the interaction happens on plane z = z0
|atom〉z0 =
∫ ∫
ψa(x, y, z0)|x, y〉dxdy (48)
Pˆ = |atom〉〈atom|z0 (49)
|photon′〉z0 =
Pˆ |photo〉z0
〈atom|photon〉
= |atom〉z0
(50)
and photon wavefunction becomes
ψ′z0(x, y) = ψa(x, y, z0) (51)
At the moment of absorption, the photon transverse wave-
function collapsed to the atom wavefunction and its angular
spectrum depends only on atom.
Φ′z0(kx, ky) =
∫ ∫ ∞
−∞
ψa(x, y, z0)e
−i(kxx+kyy)dxdy (52)
If the atom is localized as showed in Fig 1(c), the effective
recoil velocity ~vr,eff =
h¯~keff
m
. Here ~keff is the effective wave
vector for the absorbed photon.
We consider a 3D Gaussian rubidium atomic cloud cen-
tered at position (0, 0, 0) with radius σa. For normal optical
molasses we set it 1.7mm. On z = z0 plane the atomic wave-
function is independent on z0 if we normalize
ψa(x, y, z0) =
1√
2πσa
e
−(x2+y2)
4σ2a (53)
Considering a 780 nm monochromatic Gaussian beam in-
teracting with rubidium 87 D2 line. For monochromatic light
kz =
√
k2 − k2x − k2y (54)
kx,eff , ky,eff and kz,eff can be calculated according to
(30), (31) and (32) after replacing the spacial spectrum as
Φ′z0(kx, ky).
We define
δ = (keff − k)/k (55)
as the relative shift of the effective wavenumber. In this case
kx,eff and ky,eff equals to 0.
δ =
kz,eff − k
k
=
∫ √k2−k2x
−
√
k2−k2x
∫ k
−k
Φ′z0(kx, ky)
2(
kz − k
k
)dkxdky
(56)
δ is negative unless there appears evanescent waves, which is
not in our consideration. The effective transfered momentum
along z direction is
pz,eff = h¯k(1 + δ) (57)
Taking into the parameters we have set, λ = 780nm and
σa = 1.7mm for rubidium optical molasses, the result of
5numerical calculation is δ = −1.37 × 10−9. If we set σa =
10um as a normal Bose-Einstein condensate (BEC) size, δ =
−3.85 × 10−5. As the effective momentum transfer h¯~keff
depends on atomic wavefunction, colder atomic cloud will
lead to large negative shift of effective wavenumber.
VII. EFFECTS ON THE MEASUREMENT OF
RECOIL VELOCITY BASED ON ATOM
INTERFEROMETRY
We briefly apply the above results to the study of sys-
tematic effect in the measurement of atom recoil velocity.
Because of the relationship
~vr =
h¯~k
m
(58)
m is the atom mass,and
α2 =
2R∞
c
m
me
h
m
(59)
The measurement of recoil velocity is one of the standard
ways to determine the fine structure constant α. Here R∞ is
the Rydberg constant and is known to 6×10−12 accuracy[5].
The atom-to-electron mass ratio is known to better than 1×
10−10 for many species[5, 6] and c represents the speed of
light in vacuum.
The standard method is to transfer a large number of
photon momentum (2N) to an atomic cloud with an ac-
celerated 1D optical lattice (Bloch oscillations)[7] and mea-
sure the mean recoil velocity vr with a symmetric[3] or
asymmetric[4, 8, 9] Ramsey Borde´ interferometer.
We set the experiment of Kastler Brossel Laboratory
(LKB)[3] as an example. In this work while calculating the
value of h/m
h¯
mRb
=
1
4
∑
4spectra
2π|δsel − δmes|
2NkB(k1 + k2)
(60)
the absolute value of kB , k1 and k2 were taken. They are
the wavenumbers for the Bloch beam and the two Raman
beams. Here N is the number of Bloch oscillations in the ex-
periment, δsel and δmes are laser frequency differences for the
selecting and measuring Raman pulses. Considering the ef-
fective photon wavefunction depends on atom wavefunction,
we define
kB,eff = kB(1 + δB) (61)
k1,eff = k1(1 + δ1) (62)
k2,eff = k2(1 + δ2) (63)
here δB, δ1 and δ2 are the relative shift of the effective
wavenumber for the three beams as defined in Eq.(55). Sup-
posing the Raman and Bloch beams are with the same spacial
mode and similar frequencies, around 780 nm, δ1 ≈ δ2 ≈ δB.
The total relative shift of the measurement of h/m approx-
imates to 2δB if ignoring the higher order terms. And that
will also lead to a relative shift δB on the value of α. In our
case δ will always be negative.
Because δ depends on atomic wavefunction, and the
atomic are velocity selected by Raman beams in the experi-
ment that dependent on beam mode, it’s possible to observe
this kind of shift by changing beam mode and intensity. A
resent work has been published about the systematic effect
related to laser wavefront and effective atom size[10]. Dif-
ferent with their point of view, in our model local photon
momentum can not be calculated by local optical phase gra-
dient and in any optical field the local transfer momentum
can not be larger than h¯k.
VIII. SUMMARY
We have proposed a theory model for the local photon
momentum in an arbitrary wavefront. We distinguished the
local effective wave vector from the optical phase gradient.
Based on Fourier optics theory and uncertainty principle,
we claimed when an atom absorbed a photon, the effective
transfered momentum will depend on atom wavefunction.
We applied our theory to study the systematic effect in the
determination of fine structure constant based on atom in-
terferometry. Further work need to be taken to calculate
the systematic effect caused by atomic space mode in other
metrology experiments based on matter wave interferometer.
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